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Multi-Purpose Binomial Model: Fitting all Moments to the
Underlying Geometric Brownian Motion
1. Introduction
The binomial tree model for option pricing was introduced by Cox et al. (1979), which
we refer to in this paper as the CRR model. We assume a stock is traded in the time interval
[0, T ] and has a price St at time t. The time interval is divided into n equal periods defined
by the instants tk = k∆t, k = 0, 1, . . . , n in which n∆t = T . The price at the next time
instant tk + ∆t equals,
1
Stk+∆t =
{
Stk+∆t,up = Stke
σ
√
∆t w.p. p∆t;CRR =
er∆t−e−σ
√
∆t
eσ
√
∆t−e−σ
√
∆t
Stk+∆t,down = Stke
−σ√∆t w.p. 1− p∆t;CRR
The underlying discrete stochastic process generated by the tree converges weakly to the
geometric Brownian motion (GBM):
St = S
(r,σ)
t = e
(r−σ2/2)t+σB(t) (1)
in which B(t) denotes the Brownian motion.
The weak convergence of a binomial tree to the underlying GBM is understood in the
following sense. Consider the sequence of log-returns, Rk∆t = log(Sk∆t)−log(S(k−1)∆t), k =
1, . . . , n. Denote by Rt;n, t ∈ [0, T ] the random polygon linearly connecting the vertexes
(k∆t, Rk∆t), k = 0, 1, . . . , n. Then verifying the assumptions in Proposition 3 in Davydov
and Rotar (2008) for a given binomial pricing model, leads to Prokhorov-weak convergence in
C[0, 1] of the sequence of random polygons to the corresponding arithmetic Brownian motion
with instantaneous mean r and instantaneous variance σ2. We designate the corresponding
convergence of the binomial tree to the GBM as “
w→”.
Alternative binomial models were later introduced. The two most notable are the Jarrow-
Rudd model and the Tian model. Jarrow and Rudd (1983) match the first two moments of
the tree with
Stk+∆t = Stke
(r−σ2/2)∆t+σ(B(t+∆t)−B(t))
with a symmetric probability for “up” and “down”
Stk+∆t =
{
Stk+∆t,up = Stke
(r−σ2/2)∆t+σ√∆t w.p. p∆t;JR = 1/2
Stk+∆t,down = Stke
(r−σ2/2)∆t−σ√∆t w.p. 1− p∆t;JR
Tian (1993) introduced a tree model
Stk+∆t =
{
Stk+∆t,up = Stku w.p. p∆t;TI
Stk+∆t,down = Std w.p. 1− p∆t;TI
where u = 12e
r∆tV (V +1+
√
V 2 + 2V − 3), d = 12er∆tV (V +1−
√
V 2 + 2V − 3), V = eσ2∆t
and p∆t;TI =
er∆t−d
u−d . Tian’s model matches the first three moments of the tree and the
underlying GBM.
In this paper we introduce a multi-purpose binomial model which encompasses the CRR,
Jarrow-Rudd, and Tian models as particular cases. Furthermore, a particular case of our
model fits all moments of the tree to the underlying GBM.
1Here and in what follows, all terms of order o(∆t) are omitted.
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2. A Multi-Purpose Binomial Model
Consider a GBM with instantaneous mean b ∈ R and volatility σ > 0 and the following
binomial tree:
Stk+∆t =
{
Stk+∆t,up = Stk exp((γ − h2u/2)∆t+ hu
√
∆t) w.p. p∆t
Stk+∆t,down = Stk exp((δ − h2d/2)∆t− hd
√
∆t) w.p. 1− p∆t (2)
where hu = σ
√
1−p
p , hd = σ
√
p
1−p and the tree parameters satisfy the following assumptions:
i. p∆t = g + v
√
∆t in which g ∈ (0, 1) and v ∈ R.
ii. σ > 0 is fixed.
iii. The parameter b satisfies b = gγ + (1− g)δ in which γ ∈ R and δ ∈ R.
iv. For given model parameters g ∈ (0, 1) and v ∈ R, the frequency ∆t > 0 is small
enough so that p∆t ∈ (0, 1).
Ignoring the higher order terms, the asymptotics for small ∆t are
Stk+∆t =
 Stk+∆t,up = Stk
(
1 + γ∆t+
√
1−p∆t
p∆t
σ
√
∆t
)
w.p. p∆t
Stk+∆t,down = Stk
(
1 + δ∆t−
√
p∆t
1−p∆tσ
√
∆t
)
w.p. 1− p∆t
(3)
The motivation for this model is the following. In all previous binomial models the
parameters governing the ups and downs probabilities are chosen to simplify the computa-
tional complexity; they are completely determined by the instantaneous mean and variance
of the underlying GBM which are estimated from historical return data. It is worth noting
that in CRR, Jarrow-Rudd and Tian models, p∆t = 1/2 +o(
√
∆t) which corresponds in our
model to g = 1/2. Statistical evidence in high frequency trading shows that the assumption
g = 1/2 is problematic. Here we assume that independent of the existing estimates for the
mean return and variance, estimates for the p∆t = g + v
√
∆t are also available in different
return frequencies. This is done by observing the proportions of positive returns in large
number of intraday return frequencies. Thus, our multi-purpose binomial model has an ad-
ditional parameter p∆t, which allows us to resolve the option discontinuity puzzle, described
later in this paper.
First, we prove that the binomial model converges to GBM.
Proposition 1. The binomial tree given by (3) converges in
w→ to (1) with r = b. The
rate of convergence in terms of the Kolmogorov metric can be approximated by the following
relationship
sup
x≥0
|Fn,St(x)− FSt(x)| ∼
1√
n
× 1− 2p+ 2p
2√
p(1− p)
where Fn,St(x) is the distribution function of St approximated by the tree in (3) with n steps,
FSt(x) is the distribution function of the geometric Brownian motion.
Proof. Let Qp∆ttk+∆t =
Stk
Stk−1
and recall that for S∆t = e
(b−σ2/2)∆t+σB(∆t),
ESn∆t = e
n(b+n−12 σ
2)∆t = 1 + n
(
b+
n− 1
2
σ2
)
∆t. (4)
3
Ignoring the terms of order higher than ∆t, for the first moment we obtain
EQp∆ttk+∆t =
(
1 + γ∆t+
√
1− p∆t
p∆t
σ
√
∆t
)
p∆t
+
(
1 + δ∆t−
√
p∆t
1− p∆tσ
√
∆t
)
(1− p∆t)
= (1 + γ∆t) p∆t + (1 + δ∆t) (1− p∆t)
= 1 + (gγ + (1− g)δ)∆t
= 1 + b∆t
A similar calculation shows that var(Qp∆ttk+∆t) = σ
2∆t. Finally, Proposition 3 in Davydov
and Rotar (2008) is easily adapted to our case, which proves Proposition 1.
The rate of convergence follows from the functional form in (2). Without loss of gener-
ality, assume t = 1. The price at t = 1 can be represented as
S1,n =
n∏
k=1
e
(Vk−X2k/2) 1n+Xk 1√n = exp
(
1
n
n∑
k=1
Vk − 1
2n
n∑
k=1
X2k +
1√
n
n∑
k=1
Xk
)
where (Vk, Xk) are independent for k = 1, 2, . . . taking values (γ, σ
√
1−p
p ) with proba-
bility p∆t and (δ,−σ
√
1
1−p ) with probability 1 − p∆t. By the strong law of large num-
bers, 1n
∑n
k=1 Vk → b and 1n
∑n
k=1X
2
k → σ2 almost surely. Denote Yn = 1√n
∑n
k=1Xk,
S1,n = e
b−σ2/2Un in which Un = eYn , and Z ∈ N(0, σ2). Ignoring the impact of the
constants, by the Berry-Esseen theorem2 we obtain the following bound,
sup
x≥0
|FUn(x)− FeZ (x)| = sup
x≥0
|P (Yn ≤ log x)− P (Z ≤ log x)|
= sup
y∈R
|P (Yn ≤ y)− P (Z ≤ y)|
≤ CE|X1|
3
σ3
√
n
=
C√
n
× 1− 2p+ 2p
2√
p(1− p)
where C is an absolute constant.
Next, we demonstrate that the CRR, Jarrow-Rudd, and Tian models arise from (3).
Proposition 2. The following statements hold:
a) We obtain the CRR model by setting γ = δ = r, g = 1/2, and v = r−σ
2/2
2σ in (3).
b) We obtain the Jarrow-Rudd model by setting γ = δ = r, g = 1/2, and v = 0 in (3).
c) We obtain the Tian model by setting γ = δ = r + 32σ
2, g = 1/2, and v = r−σ
2/2
2σ in
(3).
Proof. The proof is done by comparing the leading terms and is straightforward.
2See, for example, (Feller, 1971, pp 542).
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The next proposition generalizes Tian’s model by constructing a binomial model which
fits all tree moments to the corresponding moments of the underlying GBM. The result is a
more robust binomial tree model, as it matches not only the first tree central moments but
also the kurtoses of the tree and the underlying log-normal return distribution.
Proposition 3. Setting in the binomial tree model in (3) γ = δ = b and v = 0 implies
E(Qp∆ttk+∆t)
j = ESj∆t for all j = 1, 2, . . ..
Proof. The result can be viewed as a new version of the well-known moment problem for
the log-normal distribution, see Heyde (1963): the lognormal distribution is not determined
by the set of its moments. Applying (8) and inductively calculating,
E(Qp∆ttk+∆t)
j =
(
1 + b∆t+
√
1− p∆t
p∆t
σ
√
∆t
)j
p∆t
+
(
1 + b∆t−
√
p∆t
1− p∆tσ
√
∆t
)j
(1− p∆t)
=
(
1 +
(
jb+
j(j − 1)
2
1− p∆t
p∆t
σ2
)
∆t+ j
√
1− p∆t
p∆t
σ
√
∆t
)
p∆t
= 1 +
(
jb+
j(j − 1)
2
σ2
)
∆t
proves the proposition.
3. On the Problem of Continuity in Option Pricing
In this section we make use of our multi-purpose binomial model to resolve a discontinuity
problem in option pricing. We first describe the problem for the CRR binomial model and
then provide the solution.
3.1. The Discontinuity Problem in Option Pricing Models
To illustrate the discontinuity problem in the CRR model, consider a one-step binomial
model, where (1) S0 = 1 is the current (at t = 0) (one-share ) stock price; (2) f0 is the
unknown current option price; and (3) ST = u = e
σ
√
T > 1 (resp. d = 1/u) with probability
p (resp. 1− p). The option payoff at maturity T is
fT =
{
fu = g(S0u) w.p. p
fd = g(S0d) w.p. 1− p
for some option payoff function g(x), x ∈ R. Indeed, when p ∈ (0, 1) the value of the option
at t = 0 is given by f0(p) = f0(1/2) = e
−rT (q˜fu + (1 − q˜)fd) with q˜ = erT−du−d regardless of
how close p is to 0 or 1. However, for p = 0 or p = 1, the option values are f0(0) = e
−rT fd
and f0(1) = e
−rT fu. The discontinuity at p = 0 and p = 1
f0(0)− lim
p→0+
f0(p) = e
−rT q˜(fd − fu)
f0(1)− lim
p→1−
f0(p) = e
−rT (1− q˜)(fu − fd)
seems unnatural. In continuous time, this problem translates to no sensitivity of the op-
tion price to the mean of the GBM which is unreasonable in a non-Gaussian setting, see
(Bouchard and Potters, 2000, Chapter 4.5).
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3.2. Resolving the Discontinuity Problem
Suppose that returns of frequency ∆t are collected and the following quantities are
estimated from that data: (1) p∆t, (2) the upward movement in ∆t, 1+γ∆t+
√
1−p∆t
p∆t
σ
√
∆t,
(3) the downward movement in ∆t, 1 + δ∆t+
√
1−p∆t
p∆t
σ
√
∆t, and (4) the volatility σ.
Having estimated all parameters, we set up to calculate the risk-neutral probabilities.
We construct a portfolio of the derivative instrument and a delta ∆tk := ∆
(p∆t)
tk
position in
the underlying stock at time tk. The payoff of the portfolio P
tk+1 = P tk+∆t one time step
ahead equals
P tk+1 =
 ∆tkStku− fu,tk+1 = ∆tkStk
(
1 + γ∆t+
√
1−p∆t
p∆t
σ
√
∆t
)
− fu,tk+1 w.p. p∆t
∆tkStkd− fd,tk+1 = ∆tkStk
(
1 + δ∆t−
√
p∆t
1−p∆tσ
√
∆t
)
− fd,tk+1 w.p. 1− p∆t
To compute the delta, we set the variance of the portfolio equal to zero, var(P tk+1) = 0.
The value of delta obtained in this way equals
∆tk =
1
Stk
× fu,tk+1 − fd,tk+1
(γ − δ)∆t+ σ
√
∆t√
p∆t(1−p∆t)
Because the portfolio constructed in this way is riskless, the price of the portfolio at tk
equals the present value of the future certain cashflow, ∆tkStk − ftk = e−r∆tE(P tk+∆t).
Thus, for the price of the derivative we obtain
ftk = e
−r∆t(Q∆tfu,tk+1 + (1−Q∆t)fd,tk+1)
in which the risk-neutral probability equals
Q∆t =
(r − δ)√p∆t(1− p∆t)√∆t+ p∆tσ
(γ − δ)√p∆t(1− p∆t)√∆t+ σ
In the particular case of γ = δ, Q∆t = p∆t − θ
√
p∆t(1− p∆t) in which θ = γ−rσ denotes the
market price for risk. The risk-neutral probability Q∆t is continuous in p∆t approaching
the limits 0 and 1 which resolves the discontinuity problem.
4. Estimating p∆t under the Physical Measure
In this section, we provide empirical evidence that (i) p is generally not equal to 1/2 and
(ii) p is not constant through time. We take the daily returns of the S&P 500 index from
January 3, 1950 to May 20, 2016 and we consider the indicator of the event “market is up”
on a daily basis. The total number of observations is 16,703. The number of days with a
positive daily return is 8,836 and pˆ = 0.529 with a 95% confidence interval of [0.5214, 0.5366]
which rejects the hypothesis H0 : p = 1/2.
We also test if we can accept the hypothesis that p is the same if estimated for each year
in the sample, H0 : p1 = p2 = . . . = pk where k equals the number of years in the sample
against the alternative that it is different in at least one year.3 The p-value of the test is
4.14× 10−7 which strongly rejects H0. The estimated probabilities are plotted in Figure 1.
3We use the exact binomial test and Newcombe’s test as implemented in binom.test, and prop.test in
the standard statistics library in R.
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Figure 1: Estimated probabilities p for a daily upward move of S&P 500 for each year from 1950 to 2016.
5. Calibrating p∆t under the Risk Neutral Measure
To estimate model parameters under the risk neutral measure, we consider the following
calibration problem. First, we select a set of call options written on S&P 500 which mature
in less than 100 working days. The model parameters are calibrated on August 7, August
8, September 10, September 15 (the date of Lehman Brothers Collapse), and September 16,
2008. We select the 13-week Treasury bond index (IRX) as the risk-free asset. Also we set
the number of time steps n as the number of days to maturity and ∆t = 1/252.
Second, we calibrate the parameters of the binomial tree models by minimizing the
error between the theoretical prices and the observed closing market prices on a particular
day as measured by the sum of squared differences (RMSE). Several other measures of the
error are also computed: the average absolute error (AAE), the average absolute error as
a percentage of the mean price (APE), and the average relative percentage error (ARPE),
defined as follows:
AAE =
N∑
j=1
|Pj − P̂j |
N
, APE =
∑N
j=1
|Pj−P̂i|
N∑N
j=1
Pj
N
,
ARPE =
1
N
N∑
j=1
|Pj − P̂j |
Pj
, RMSE =
√√√√ N∑
j=1
(Pj − P̂j)2
N
,
where P̂j and Pj are model prices and observed market prices of call options with strikes
Kj , time to maturity Tj , j ∈ {1, . . . , N}, and N is the number of observed call option prices.
We consider two cases of the multi-propose binomial tree. In the first case (MP-Bin1),
we use the setting of Proposition 3. That is, we assume γ = δ = r and v = 0, and estimate
the parameters σ and p∆t = g. In the second case (MP-Bin2), we estimate the parameters
γ, g, p∆t ∈ (0, 1), and σ > 0 by means of the least squares curve fit with v = (p∆t− g)/
√
∆t
and δ = (r − gγ)/(1− g).
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To compare the performance to the other binomial trees, we calibrate σ of CRR, Jarrow-
Rudd and Tian models using the same method. The calibrated parameters are provided in
Table 1 and the four types of error for the calibration problem are presented in Table 2.
The MP-Bin2 model has the smallest error for each parameter estimation and the MP-
Bin1 model has the second smallest error for each parameter estimation. Finally, the tables
show that the calibrated probability p∆t can be quite different from 1/2 providing a better
fit to the observed option prices.
6. Conclusion
We propose a new multi-purpose binomial tree model which generalizes the CRR, the
Jarrow-Rudd, and the Tian tree models. Our model is more flexible and can match asymp-
totically all moments of the limiting log-normal distribution. We apply the model to resolve
a discontinuity problem in option pricing when the probability for “up” converges to 0 or 1.
We also provide an estimation and a calibration example which illustrate that the suggested
binomial model is more realistic than the three alternatives.
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Date Model Parameters
Aug 06,2008 CRR σ = 0.1772 p∆t = 0.5001
Jarrow-Rudd σ = 0.1773 p∆t = 1/2
Tian σ = 0.1766 p∆t = 0.4917
MP-Bin1 σ = 0.1776 p∆t = 0.5409
MP-Bin2 σ = 0.1549 p∆t = 0.6259
(γ = 0.2267, δ = 0.0160, g = 0.0001)
Aug 07,2008 CRR σ = 0.1875 p∆t = 0.4998
Jarrow-Rudd σ = 0.1875 p∆t = 1/2
Tian σ = 0.1870 p∆t = 0.4912
MP-Bin1 σ = 0.1874 p∆t = 0.5051
MP-Bin2 σ = 0.1756 p∆t = 0.5404
(γ = 0.1324, δ = 0.0163, g = 0.0001)
Sep 03,2008 CRR σ = 0.1977 p∆t = 0.4995
Jarrow-Rudd σ = 0.1977 p∆t = 1/2
Tian σ = 0.1975 p∆t = 0.4907
MP-Bin1 σ = 0.1975 p∆t = 0.6562
MP-Bin2 σ = 0.1847 p∆t = 0.6135
(γ = 0.1713, δ = 0.0166, g = 0.0001)
Sep 10,2008 CRR σ = 0.2049 p∆t = 0.4993
Jarrow-Rudd σ = 0.2048 p∆t = 1/2
Tian σ = 0.2049 p∆t = 0.4903
MP-Bin1 σ = 0.2049 p∆t = 0.5215
MP-Bin2 σ = 0.2188 p∆t = 0.5478
(γ = 0.0001, δ = 0.1742, g = 0.9075)
Sep 15,2008 CRR σ = 0.2548 p∆t = 0.4970
Jarrow-Rudd σ = 0.2538 p∆t = 1/2
Tian σ = 0.2571 p∆t = 0.4879
MP-Bin1 σ = 0.2523 p∆t = 0.5462
MP-Bin2 σ = 0.3371 p∆t = 0.6956
(γ = 0.0001, δ = 0.9536, g = 0.9916)
Sep 16,2008 CRR σ = 0.2412 p∆t = 0.4973
Jarrow-Rudd σ = 0.2411 p∆t = 1/2
Tian σ = 0.2418 p∆t = 0.4886
MP-Bin1 σ = 0.2433 p∆t = 0.5715
MP-Bin2 σ = 0.3084 p∆t = 0.6545
(γ = 0.0001, δ = 0.6275, g = 0.9865)
Table 1: Calibrated parameter values using observed option prices.
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Date Model AAE APE ARPE RMSE
Aug 06,2008 CRR 1.8061 0.0703 0.4249 2.2644
Jarrow-Rudd 1.8081 0.0704 0.4265 2.2660
Tian 1.8519 0.0721 0.4295 2.3808
MP-Bin1 1.6236 0.0632 0.3897 1.9956
MP-Bin2 1.4046 0.0547 0.2536 1.7553
Aug 07,2008 CRR 1.8530 0.0667 0.4421 2.2840
Jarrow-Rudd 1.8506 0.0666 0.4413 2.2829
Tian 1.8700 0.0673 0.4691 2.2412
MP-Bin1 1.8312 0.0659 0.4334 2.2777
MP-Bin2 1.7786 0.0640 0.3868 2.2404
Sep 03,2008 CRR 2.2132 0.0310 0.3581 2.6879
Jarrow-Rudd 2.2091 0.0309 0.3577 2.6840
Tian 2.2433 0.0314 0.3713 2.7282
MP-Bin1 1.7327 0.0243 0.2399 2.1267
MP-Bin2 1.9424 0.0272 0.2544 2.3893
Sep 10,2008 CRR 1.2890 0.0749 0.3397 1.7425
Jarrow-Rudd 1.2931 0.0752 0.3377 1.7409
Tian 1.2876 0.0748 0.3513 1.8472
MP-Bin1 1.2859 0.0748 0.3177 1.7016
MP-Bin2 1.2328 0.0717 0.3258 1.6401
Sep 15,2008 CRR 2.5501 0.1540 0.4461 3.4683
Jarrow-Rudd 2.4660 0.1489 0.4394 3.3530
Tian 2.6321 0.1589 0.4560 3.6495
MP-Bin1 2.3143 0.1397 0.4483 3.1775
MP-Bin2 1.6918 0.1022 0.4429 2.2074
Sep 16,2008 CRR 2.7063 0.0895 0.4272 3.4906
Jarrow-Rudd 2.6631 0.0881 0.4250 3.4441
Tian 2.9515 0.0976 0.4638 3.7932
MP-Bin1 2.4370 0.0806 0.3896 3.2011
MP-Bin2 1.9250 0.0637 0.3843 2.6229
Table 2: The different errors at the calibrated parameter values.
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